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1 Abstract and Introduction
In a diﬀerential GPS system such as the ground
based augmentation system (GBAS) for preci-
sion approaches of aircraft, GPS reference sta-
tions with known locations are utilized to de-
termine and remove most of the ranging un-
certainties of the GNSS system in use. Correc-
tions are broadcast to the aircraft and all but
residual errors are eliminated. These residual
pseudorange errors are due to the position dif-
ference between the aircraft and the reference
station and lead to a position uncertainty of
the aircraft. To qualify for category I precision
guidance, the system has to guarantee that un-
detected pseudorange errors do not cause hor-
izontal and vertical position errors larger than
the horizontal and vertical alert limits with a
probability smaller than 2×10−7 per approach.
There are four fundamental sources of resid-
ual pseudorange error for a single frequency
GBAS system: signal multipath, receiver noise
N0, residual troposphere error due to the dif-
ferential applied troposphere model and the er-
ror induced by ionosphere gradients. In this
work we combined diﬀerent theoretical prob-
ability density functions (PDF) for each in-
dividual error to a combined pseudorange er-
ror distribution. This distribution was prop-
agated through the GBAS Hatch ﬁlter and
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then mapped into the position domain using
a one day constellation change observed at
Oberpfaﬀenhofen, Germany (ICAO Identiﬁer
EDMO). Where possible, the propagation pro-
cess was carried out through analytical convo-
lution. When no analytical solution existed,
we either performed a numerical solution of
the convolution integrals (if the PDF was avail-
able in an analytical form) or used numerical
convolution for discrete timeseries. The PDF
propagation though the Hatch ﬁlter was simu-
lated using a pseudo random generator based
on the pseudorange error PDF. Our calcula-
tions using the unapproximated PDFs yielded
a signiﬁcant reduction of the position domain
error at the 2 × 10−7 integrity risk level when
compared to classical methods like Gaussian or
Gaussian Mixture overbounding.
Indeed, the results suggest a new integrity
concept that could be beneﬁcial in obtain-
ing CAT-III performance. The concept em-
ploys alert limits and protection levels in the
along-track, cross-track and vertical direction
rather than the traditional dual split in hor-
izontal and vertical components only. This
new concept does not need inﬂation factors
and promises real-time performance through
look-up tables. With assumed realistic mini-
mum detectable errors (MDE) for GBAS mon-
itoring algorithms, the position domain error
bounds can be reduced even further and de-
crease close to the projected CAT-III alert lim-
its. This is especially true since the projected
ionosphere threat space for Europe does not
contain the extreme gradients that have been
observed over the continental US.
2 Probability Distributions
In this work we use theoretical probability dis-
tributions representing four major errors of
GBAS positioning induced by multipath, iono-
spheric gradients, residual tropospheric delay
and receiver noise. The multipath error is in-
duced by the reﬂection of the signal on obsta-
cles, analyzed in detail by Braasch (1996). As
described by Pervan et al. (2000) we assume a
uniformly distributed phase shift between re-
ﬂected and original carrier phase. This leads
to the following expression for distribution of
the multipath error  (for details see Pervan et
al., 2000)
pmp() =
1
b2
ln [
1 +
√
1− ( (−a)b )2
|−a|
b
] (1)
where b is the maximum multipath allowed by
the correlator spacing of the GPS receiver and
a the variable bias of the distribution. For our
theoretical example we choose the receiver to
have an ultra-narrow correlator spacing and a
maximum multipath of 3 m as depicted by the
multipath envelope in Novatel (2002) , Since
multipath may, in general, be biased we use a
symmetry oﬀset from the ordinate of a = 0.5 m
in the work presented here.
Secondly, the residual ionospheric error is rep-
resented by an ionosphere vertical gradient,
whose probability distribution has exponential
character as shown by Christie et al. (1999)
and more recently conﬁrmed by Mayer et al.
(2008). Here, we use the exponential distri-
bution for the ionosphere gradient PDF, ex-
tracted from Mayer et al. (2008)
pivg(y) =
ln(10)
26
10−
|y|
13 ; (2)
where y is the ionospheric gradient in ppm or
mm/km.
Extensive research has been performed on the
tropospheric eﬀects on GPS which is summa-
rized by Spilker (1996). Based hereupon, the
Radio Technical Commission for Aeronautics
(RTCA) has adopted a model for the residual
tropospheric error caused by the location dif-
ference between aircraft and GBAS ground sta-
tion (RTCA DO254A (2004), Section 3.3.2.14
). It assumes a Gaussian distribution for the
error, with a standard deviation dependent on
humidity, altitude diﬀerence between aircraft
and ground station as well as satellite eleva-
tion angle. For our computations, we use an
altitude of 762 m (2500ft), the approximate al-
titude at the initial approach ﬁx during pre-
cision approaches and a relative humidity of
100%. Moreover, we use receiver noise spec-
iﬁcations of the Novatel OEMV-1 positioning
engine. These errors are mainly due to thermal
and code noise and follow a zero mean Gaus-
sian with a standard deviation of σN0 = 0.04 m
(Novatel Datasheets). All four PDFs are de-
picted in Figure 1 on a logarithmic scale.
3 PDF Propagation and Re-
sults
Now, we join the individual error distributions
to a combined PDF for the pseudorange ρ. We
assume each error component to be an indi-
vidual random variable, the distribution of the
sum of those random variables is given by the
convolution of the four individual error PDFs.
pρ(ρ) =
∫ ∫
pion(ρ − τ − λ)pmp(τ)
ptropo+C/N0(λ)dτdλ (3)
where ρ is the random variable for the pseudo-
range error. The ionosphere PDF pion is com-
puted from the ionosphere gradient PDF pivg
at a worst case distance of 20 nautical miles
from the GBAS station. Convolving the tro-
pospheric and N0 noise PDFs to a joint distri-
bution ptropo+N0 is trivial and accomplished by
variance addition. We solve the integral in Eq.
(3) numerically with a precision of 1 mm for ρ.
The resulting distribution is shown in Figure 2
in purple for a satellite elevation angle of 5o.
In general, this PDF depends on the distance
of the aircraft from the GBAS station and
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Figure 1: The four error distributions used in this work. (a) shows the multipath distribution
described by Eq. (1) with the multipath cutoﬀ at b=3m and a bias of a = 0.5 m. (b) the
exponential distribution of the ionospheric gradients (c) Gaussian receiver noise PDF with
σ = 0.04 m (d) Gaussian residual troposphere error distribution for an elevation angle of 5o
amounting to σ = 0.252 m.
satellite elevation angle. The symmetry axis
of the PDF is still oﬀset from the origin and
located at 0.499 m. The GBAS ground sub-
system employs a 100s carrier-phase smooth-
ing ﬁlter (Hatch ﬁlter) as, for example, deﬁned
in the ED-114 GBAS MOPS (2003) , Chapter
3.7.1.2.8.3.5:
ρˆn = αρn + (1− α)
(
ρˆn−1 +
λ
2π
(φn − φn−1)
)
(4)
where ρˆn is the smoothed pseudorange, ρn is
the raw pseudorange, λ = 0.19 m is the L1
wavelength, φn is the carrier phase in radians
and α = 0.005 is the ﬁlter weighting constant.
Since this ﬁlter is recursive, one cannot ﬁnd
an analytical solution for a general error dis-
tribution. Note, however, that this is possible
for purely Gaussian modes. Thus, we used a
pseudorandom generator with the underlying
combined distribution pρ(ρ) (computed using
Equation 3) to generate 109 random samples,
which equals about 15.9 years of data recorded
at 2 Hz. From this we can empirically gener-
ate a post-smoothing PDF using binning. This
distribution is shown in Figure 2 with a green
line. We can see that the smoothing ﬁlter re-
duces the width of the pseudorange PDF and
thus the probability for larger errors.
Next, we map the error distributions into the
position domain using a worst case geometry
observed at Oberpfaﬀenhofen airport (ICAO
Identiﬁer EDMO). The mapping is performed
using
x = (GTWG)−1GTW︸ ︷︷ ︸
S
ρˆ (5)
3
with the geometry matrix G in the east-north-
up coordinate system, weighting matrix W,
pseudo-inverse S and pseudorange error ρˆ to
yield the position error x. Since the GPS con-
stellation approximately repeats at the same
location every 24 hours we performed a geom-
etry screening for that period and selected the
constellation with the largest vertical dilution
of precision (VDoP). This occurred at 12:45
UT with n = 7 satellites in view and an VDoP
of 4.32. The pseudoinverse is given in the ap-
pendix. The error in each position coordinate
xi, (i = 1, 2, 3) is a weighted sum of random
variables
xi =
n∑
j=1
Sijρ,j =
n∑
j=1
ij (6)
where the Sij are elements of the pseudoin-
verse. Again, we have assumed the pseudor-
ange errors to be independent. To obtain the
PDFs for each component, we ﬁrst compute
the new probability distribution for each new
variable ij = Sijρ,j following Schmidt (2003)
p(i,j) =
1
|Sij|p(
ρ,j
Sij
) (7)
given the distribution of ρ,j from Equation
(3). These new distributions are now combined
through n−1 = 6 convolutions to a ﬁnal prob-
ability density distribution for position error
x,i.
The error distributions for the east, north and
up position components are shown in Figure
3(a) on a semi-logarithmic scale. As expected
the Up component PDF is much wider that
the one for East or North due to the satellite
geometry. North and East component distri-
butions are not equal, but their diﬀerence is
much smaller compared to the diﬀerence be-
tween each horizontal and the vertical PDF.
Intriguingly, through the process described by
Equation (7) and the subsequent convolutions,
the initial bias originating from the multipath
distribution (Eq. 1) which was still visible in
the joint pseudorange PDF (Figure 2) has di-
minished to a value smaller than our work-
ing precision of 1 mm. Since S contains,
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Figure 2: Pseudorange PDFs before and after
the carrier smoothing process. The ﬁlter nar-
rows the tails of the distribution.
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Figure 3: (a) Position Domain Error Distribu-
tions on a logarithmic axis (b) Quantile plots
of the biased position domain error ﬁstribu-
tions with standard normal quantiles on the
abscissa. Gaussian distributions appear as
straight lines.
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for a given position component i, a roughly
equal number of positive and negative values,
Equation (7) causes the distributions p(i,j) to
have the same number of positive and neg-
ative biases. In the subsequent convolution
processes, the biases cancel and the resulting
PDF is centered around the ordinate. Addi-
tionally, the distributions shown in Figure 3(a)
appear to be Gaussian on the semilogarithmic
plot. To conﬁrm this, we inspect quantile-
quantile graphs with standard Gaussian quan-
tiles on the x-axis. In this type of plot, any
Gaussian PDF will appear as a linear function
(Figure 3(b)). Indeed, here the distributions
are almost straight, with a very faint curva-
ture. This indicates that even though the po-
sition error distributions are very close to being
Gaussians, there is a non-normally distributed
component present.
4 Outlook
In this work we considered four pseudorange
error sources of which two were non-Gaussian
and with one of the later also having a bias of
0.5 m. Through the propagation process the
non-Gaussian elements and the bias were mit-
igated and the resulting position error PDFs
are nearly normal distributions again. This
result conﬁrms the fact predicted by the cen-
tral limit theorem: Given a suﬃciently large
set of independently distributed random vari-
ables, the PDF of the sum will be Gaussian.
This is exactly the case here, with ”suﬃciently
large” being accomplished already with seven
independent random pseudorange errors.
Figure 4 shows the error ellipsoid with col-
ored isoprobability contours for the distribu-
tions computed above. We can see that al-
ready here, at the 20 nm distance and 2500 ft
altitude we obtain a maximal vertical error of
12.2 m at the 2×10−7 integrity risk level. This
is well below CAT-I minimums required at this
distance and altitude and nearly enough to suf-
ﬁce the requirements at decision height. More-
over, it is signiﬁcantly better that the current
protection levels given by the standardization
documents from RTCA DO-254A (2004) and
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Figure 4: Ellipsoidal iso-probability contours
for the worst VDOP Value at EDMO at a dis-
tance of 20 nm and altitude of 2500 ft. The
colorbar shows the log10 of the probability.
EUROCAE ED-114 (2003). Notwithstanding
the fact that the overbounding techniques de-
veloped by DeCleene (2000) are suﬃcient to
guarantee CAT-I performance, with the advent
of GBAS CAT-III plus automatic landing this
integrity concept will no longer provide suﬃ-
cient performance. In this sense, we suggest
an ellipsoidal protection level concept around
the along-track, cross-track and vertical axes.
This has the advantage of being able to ac-
commodate biased distributions, in the case of
insuﬃcent random variables available for addi-
tion. Moreover, in the present concept, a cylin-
drical protection volume is ﬁtted into the pro-
tection ellipsoid, which eﬀectively wastes pro-
tection space where errors would still be ac-
ceptable.
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5 Appendix
The pseudoinverse used in section 2 contains
the following values
S =
⎛
⎜⎜⎜⎝
0.1546 0.2210 0.3484 . . .
0.2690 −0.3216 −0.0683 . . .
−0.9214 0.3657 0.2349 . . .
−0.4914 0.3773 0.2642 . . .
−0.3598 0.1344 −0.0925 −0.4061
0.4422 0.3407 −0.4535 −0.2085
0.6366 0.3859 −1.4674 0.7657
0.5477 0.3410 −0.7338 0.6950
⎞
⎟⎟⎟⎠
(8)
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